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Ghost-free resummation of gravitational interactions of a 2-form gauge field
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We find that the recently-proposed ghost-free interaction of a 2-form gauge field in four dimensions,
which contains derivative couplings in a nonperturbative manner, can be regarded as a resummation
of ghostly interaction terms. We investigate the higher derivative structure of this model in a
minisuperspace description and demonstrate that the higher derivative terms can be removed by
taking appropriate combinations of the Euler-Lagrange equations, while a truncation at a finite
order spoils this structure. We also show that this nature is peculiar to four dimensions.
I. INTRODUCTION
Paradoxically, one of the best ways to understand general relativity is to study modified theories of gravity. They
could highlight peculiar aspects of general relativity and also serve as a reference of comparison when testing gravity.
One can modify general relativity by violating at least one of the assumptions of the Lovelock’s theorem [1], e.g.,
by adding some field(s) on top of the metric. When it comes to constructing an action for such theories, there is a
guiding principle called the theorem of Ostrogradsky [2]. The theorem states that extra degrees of freedom (DOFs)
associated with higher derivatives always result in an unbounded Hamiltonian (called Ostrogradsky ghost). A caveat
is that the theorem does not necessarily prohibit the appearance of higher derivatives in the action. The problem of
Ostrogradsky ghost can be circumvented if the Euler-Lagrange (EL) equations are of second order or if they can be
recomposed into second-order differential equations. Nevertheless, the theorem of Ostrogradsky severely constrains
the higher derivative structure of the action [3–8].
In the case of single-field scalar-tensor theories (i.e., whose ingredients are a metric and a scalar field) in four
dimensions, we know the most general class of theories that yield second-order EL equations, which is now referred to
as the Horndeski class [9–11]. There are also yet broader classes of scalar-tensor theories without extra DOFs [4, 12–16].
Those classes have higher-order EL equations, but they can be reduced to second-order differential equations by taking
their linear combinations in an appropriate manner. It should also be noted that there have been similar advances in
vector-tensor theories [17–19]. Despite such progresses in scalar-tensor and vector-tensor theories, regarding nontrivial
interactions between a 2-form gauge field and gravity, we know only a few examples that can avoid the appearance
of Ostrogradsky ghost. A study of such interactions is important because a 2-form gauge field appears universally
in low-energy limits of string theories. An example of nontrivial interactions was obtained in the context of p-form
Galileons [20] in a seven-dimensional spacetime. However, similar constructions do not work in four dimensions. The
authors of Ref. [21] investigated possible interactions in four dimensions to find that any interaction with a finite
number of derivative couplings yields higher-order EL equations. This fact underlines the difficulty of constructing
healthy derivative interactions of a 2-form gauge field. On the contrary, an example of nontrivial coupling to gravity
in four dimension was found in Ref. [22] by exploring an electromagnetic duality of a healthy scalar-tensor theory. A
remarkable feature of this model is that it consists of nonperturbative derivative couplings. Nevertheless, due to the
ghost-free nature of its dual scalar-tensor theory, the 2-form model should avoid the problem of Ostrogradsky ghost.
Also, this model provides a new nonsingular early-universe model where an inflationary universe is created from a
completely periodic cyclic universe, called a time crystal universe, as investigated in Ref. [23].
Given the fact that the 2-form model having nonperturbative derivative couplings [22] is free of ghost, it should be
understood as a nonperturbative ghost-free UV completion of ghostly derivative couplings at low-energy scales. The
main aim of this paper is to demonstrate how the ghost disappears by this completion. To this end, we move to a
minisuperspace description and show that the model has no extra DOFs, while a truncation of the Lagrangian at a
finite order results in an unwanted ghostly DOF. We also show that the model described by the same Lagrangian
but defined in five or higher dimensions yields extra DOFs, and thus the absence of extra DOFs is peculiar to four
dimensions.
The rest of this paper is organized as follows. In §II, we provide a brief review of the model proposed in Ref. [22].
In §III, we develop a minisuperspace description of the model in four dimensions and demonstrate the minisuperspace
Lagrangian is free of extra DOFs associated with higher derivatives. In §IV, we consider a truncation of the model
at the linear order in the curvature tensor to see that there does exist a ghostly DOF. In §V, we study the model in
five or higher dimensions and discuss the difference from the case of four dimensions. Finally, in §VI, we draw our
conclusions and present succinct mechanical models which help us to capture the essence of the results in §III to §V.
2II. THE MODEL
In this paper, we focus on the following model defined in four dimensions [22]:
L =
√−g
[
M2Pl
2
(R− 2Λ)− 1
12
1
detG G
µαGνβGλγHµνλHαβγ
]
, (1)
where Hµνλ := 3∇[µBνλ] is the field strength of a 2-form gauge field Bµν , and Gµν denotes a linear combination of
the metric gµν and the Einstein tensor Gµν ,
Gµν := αgµν + βGµν , (2)
with α and β being nonvanishing constants. We assume detG := det(αδµν + βGµν ) is nonvanishing so that the
Lagrangian is well defined. Note that detG transforms as a scalar under general coordinate transformations and it
can be expressed as
α−4 detG = 1 +
4∑
n=1
1
n!
(
β
α
)n
δµ1···µnν1···νn G
ν1
µ1
· · ·Gνnµn
= 1− β
α
R− 1
2
(
β
α
)2 (〈R2〉 −R2)+ 1
6
(
β
α
)3(
2〈R3〉 − 1
2
R3
)
− 1
24
(
β
α
)4 [
6〈R4〉 − 3〈R2〉2 − 4R〈R3〉+ 3R2〈R2〉 − 1
2
R4
]
, (3)
in four dimensions, with 〈Rn〉 := Rµ1µ2Rµ2µ3 · · ·Rµnµ1 . A remarkable feature of the Lagrangian (1) is that the curvature
tensor (and thus the second derivative of the metric) appears in the denominator. It is also interesting to note that
the model is dual to the following scalar-tensor theory within the Horndeski class [22]:
L˜ =
√−g
[
M2Pl
2
(R− 2Λ)− 1
2
Gµν∇µφ∇νφ
]
, (4)
and thus should be free of Ostrogradsky ghost.
In the low-energy limit (β×curvature)≪ 1, the coupling with the Einstein tensor is written as the standard kinetic
term of a 2-form gauge field plus derivative corrections,
L =
√−g
{
M2Pl
2
(R− 2Λ)− 1
12α
HµνλHµνλ − 1
24α
(
β
α
)
(6Rµν −Rgµν)HµαβHναβ
− 1
48α
(
β
α
)2 [
12RµλRνσ + gµλgνσ(2〈R2〉 −R2)]HµναHλσα +O(β3)
}
. (5)
Based on the discussion in Ref. [21], each of the derivative corrections yields higher derivative terms in the EL
equations. Thus, our model (1) can be understood as a ghost-free UV completion of ghostly derivative interactions (5).
In the following sections, we clarify how the completion removes the ghost in a minisuperspace description.
III. ABSENCE OF GHOST IN FOUR DIMENSIONS
We impose the following ansatz for the 2-form field:
1
2
Bµνdx
µ ∧ dxν = v(t)dx ∧ dy + h
3
(xdy ∧ dz + ydz ∧ dx + zdx ∧ dy) , (6)
with h being constant. For this configuration, the nontrivial components of the field strength are H012 = v˙ and
H123 = h. Correspondingly, the metric is assumed to be of the following form since a nonvanishing v˙ makes the
spacetime anisotropic:
gµνdx
µdxν = −N2(t)dt2 + a2(t)
[
e2σ(t)(dx2 + dy2) + e−4σ(t)dz2
]
. (7)
3In the case where v˙ = 0 and thus the spacetime is isotropic (i.e., σ = 0), the existence of h accommodates nontrivial
cosmology [23]. However, for simplicity, we hereafter set h = 0 as h does not contribute to higher derivative terms.
Noting that the Einstein tensor computed from the metric (7) is diagonal, we can simplify the coupling between the
2-form and the curvature tensor appearing in Eq. (1) as
− 1
12
1
detGG
µαGνβGλγHµνλHαβγ = − v˙
2
2
G00G11G22
G00G11G22G33
= − v˙
2
2
g00g11g22
α+ βG33
. (8)
Therefore, the Lagrangian (1) takes the following form:
L4D =M
2
Pl
a3
N
(
−3 a˙
2
a2
+ 3σ˙2 − ΛN2
)
+
e−4σ v˙2
2Na
{
α− β
N2
[
a˙2
a2
+ 6
a˙
a
σ˙ + 3σ˙2 + 2
a¨
a
+ 2σ¨ − 2 N˙
N
(
a˙
a
+ σ˙
)]}−1
, (9)
where we have performed an integration by parts. It should be noted that the set of equations of motion (EOMs)
obtained from the minisuperspace Lagrangian (9) reproduces the full set of EOMs derived from the original La-
grangian (1), and thus the former properly describes the dynamics of the metric (7) and the 2-form field (6). For a
given Lagrangian L = L(N, N˙ , a, a˙, a¨, σ, σ˙, σ¨, v˙), we write the EL equations as
EN := ∂L
∂N
− d
dt
(
∂L
∂N˙
)
= 0, Ea := ∂L
∂a
− d
dt
(
∂L
∂a˙
)
+
d2
dt2
(
∂L
∂a¨
)
= 0,
Eσ := ∂L
∂σ
− d
dt
(
∂L
∂σ˙
)
+
d2
dt2
(
∂L
∂σ¨
)
= 0, Ev := − d
dt
(
∂L
∂v˙
)
= 0.
(10)
Due to the presence of second derivatives in the Lagrangian, each EL equations contains third or fourth derivatives.
Note that, in the present case where the Lagrangian is invariant under time diffeomorphisms, not all these equations
are independent as the following relation exists:
N E˙N − a˙Ea − σ˙Eσ − v˙Ev = 0, (11)
which is nothing but the Noether identity associated with the time diffeomorphism symmetry (see Ref. [24] for related
discussions). Hence, for instance, Ea = 0 automatically follows from the other three EL equations, and thus one can
focus on EN = 0, Eσ = 0, and Ev = 0. Having derived the EOMs, one can now use the time diffeomorphism symmetry
to fix N = 1. It should be noted that this gauge fixing is not complete and one can still freely choose the time origin,
t→ t+ t0, with t0 being constant. The EL equation for v can be immediately integrated to give
∂L
∂v˙
=
e−4σ v˙
a
[
α− β
(
a˙2
a2
+ 6
a˙
a
σ˙ + 3σ˙2 + 2
a¨
a
+ 2σ¨
)]
−1
= const =: K. (12)
Using this fact, one can eliminate v from EN and Eσ, which simultaneously removes higher derivatives of a and σ as
follows:
EN =M2Pl a3
(
3
a˙2
a2
− 3σ˙2 − Λ
)
− K
2ae4σ
2
[
α+ β
(
a˙2
a2
− 4 a˙
a
σ˙ − 5σ˙2
)]
, (13)
Eσ = −6M2Pl a3
(
σ¨ + 3
a˙
a
σ˙
)
+K2ae4σ
[
−2α+ β
(
2
a˙2
a2
+ 5
a˙
a
σ˙ + 10σ˙2 + 2
a¨
a
+ 5σ¨
)]
. (14)
Now let us count the number of physical DOFs. From Eqs. (12)–(14), the dynamics of a, σ, and v can be fixed up
to five integration constants, where we have taken into account K in Eq. (12). Since one among the five integration
constants can be absorbed into a shift of time t→ t+ t0, the number of physical DOFs of the system is (5− 1)/2 = 2.
Notably, the same discussion works for the case β = 0, showing that the model (1) with β 6= 0 does not yield extra
DOFs in the minisuperspace description. To emphasize, it was crucial here that the removal of v from EN and Eσ
also removes higher derivatives of a and σ at the same time.
IV. APPARENT GHOST UNDER TRUNCATION
In the previous section, we saw that the minisuperspace Lagrangian (1) does not yield unwanted DOFs. Actually,
this feature is realized only through the nonperturbative interaction manifested by (α + βG33)
−1 in Eq. (8). To see
4this, let us expand Eq. (9) with respect to β and consider the following Lagrangian truncated at the linear order in β:
Llin =M
2
Pl
a3
N
(
−3 a˙
2
a2
+ 3σ˙2 − ΛN2
)
+
e−4σv˙2
2α2Na
{
α+
β
N2
[
a˙2
a2
+ 6
a˙
a
σ˙ + 3σ˙2 + 2
a¨
a
+ 2σ¨ − 2 N˙
N
(
a˙
a
+ σ˙
)]}
. (15)
As we did in Eq. (12), the EL equation for v derived from this Lagrangian can be integrated to yield v˙ as a function
of a, σ, and their derivatives,
v˙ = αKae4σ
[
1 +
β
α
(
a˙2
a2
+ 6
a˙
a
σ˙ + 3σ˙2 + 2
a¨
a
+ 2σ¨
)]
−1
, (16)
where K being an integration constant. Note that here we have set N = 1. After eliminating v from the EL equations
for N and σ, there still remain higher derivatives,
EN = −4β
2K2a7e4σ
α5
[
1 +
β
α
(
a˙2
a2
+ 6
a˙
a
σ˙ + 3σ˙2 + 2
a¨
a
+ 2σ¨
)]
−3(
a˙
a
+ σ˙
)( ...
a
a
+
...
σ
)
+ · · · ,
Eσ = −4β
2K2a7e4σ
α5
[
1 +
β
α
(
a˙2
a2
+ 6
a˙
a
σ˙ + 3σ˙2 + 2
a¨
a
+ 2σ¨
)]
−3( ....
a
a
+
....
σ
)
+ · · · , (17)
where the ellipses denote terms with lower derivatives. This is in sharp contrast to Eqs. (13) and (14) in the previous
section. From the above expressions, one can see that the fourth derivative terms in Eσ can be eliminated by taking
the following linear combination with EN :
Eσ − a
a˙+ aσ˙
E˙N . (18)
Notably, after taking this linear combination, the third derivative terms are also removed. Thus, we are left with one
third-order and two second-order differential equations, namely,
EN = 0, Ev = 0, Eσ − a
a˙+ aσ˙
E˙N = 0. (19)
Hence, the number of DOFs of the system is (7 − 1)/2 = 3, where one among the seven integration constants has
been absorbed into a shift of time. This implies that the truncated Lagrangian (15) has one extra DOF compared to
the Lagrangian (9). This is consistent with the no-go result in Ref. [21]. The important point here is that no higher
derivatives appear up to O(β). Such higher derivatives are possibly canceled out by adding new derivative interactions
of O(β2) to the truncated Lagrangian (15). By repeating this procedure, one could construct a ghost-free theory with
an infinite number of coupling terms. Our model (9) can be understood as an example of such a nonperturbative
completion.
V. GHOST IN HIGHER DIMENSIONS
Having established the absence of ghost in four dimensions, let us now consider a D-dimensional spacetime with
D ≥ 5,
LD =
√−g
[
MD−2Pl
2
(R − 2Λ)− 1
12
1
detGG
µαGνβGλγHµνλHαβγ
]
. (20)
This Lagrangian is a natural extension of Eq. (1). However, the duality to a healthy scalar-tensor theory in four
dimensions no longer holds in higher dimensions, and thus it is nontrivial whether the model (20) has ghostly DOFs.
In this section, we address this issue in a minisuperspace description. We assume the metric and the 2-form field of
the following form:
gµνdx
µdxν = −N2(t)dt2 + a2(t)
[
e2σ(t)
(
(dx1)2 + (dx2)2
)
+ e−
4σ(t)
D−3
D−1∑
i=3
(dxi)2
]
, (21)
1
2
Bµνdx
µ ∧ dxν = v(t)dx1 ∧ dx2, (22)
5which is a generalization of Eqs. (6) and (7). As in the previous section, the coupling between the 2-form field and
the curvature tensor is simplified as
− 1
12
1
detGG
µαGνβGλγHµνλHαβγ = − v˙
2
2
G00G11G22
G00G11G22G33 · · · GD−1D−1
= − v˙
2
2
g00g11g22
(G33)D−3
. (23)
Here, we have used the fact that G33 = · · · = GD−1D−1 and G33 is given by
G33 = α−
β
N2
[
(D − 2)(D − 3)
2
a˙2
a2
+ 2(D − 1) a˙
a
σ˙ +
D − 1
D − 3 σ˙
2
+ (D − 2) a¨
a
+
2
D − 3 σ¨ −
N˙
N
(
(D − 2) a˙
a
+
2
D − 3 σ˙
)]
. (24)
Thus, the Lagrangian (20) is written as
LD =M
D−2
Pl
aD−1
N
[
− (D − 1)(D − 2)
2
a˙2
a2
+
D − 1
D − 3 σ˙
2 − ΛN2
]
+
aD−5e−4σv˙2
2N(G33)D−3
, (25)
where we have performed an integration by parts. Note that Eq. (25) reduces to Eq. (9) when D = 4. Note also
that this minisuperspace Lagrangian properly describes the dynamics of the metric (21) and the 2-form field (22) in
the sense that it yields a set of EOMs which is equivalent to the one obtained from the original Lagrangian (1). One
notices that the structure of the Lagrangian (25) in higher dimensions is similar to that of Eq. (9) in four dimensions,
except for the exponent of G33 (= α + βG33). Now we study the structure of independent EOMs EN = 0, Eσ = 0, and
Ev = 0. In what follows, we put N = 1. As in Eq. (12), the EOM for v can be integrated to yield
v˙ = Ka5−De4σ
[
2(D − 3)G33
]D−3
, (26)
with K being an integration constant. Plugging this equation into EN and Eσ, we obtain
EN = −A
(
(D − 2)(D − 3)
2
a˙
a
+ σ˙
)(
(D − 2)(D − 3)
2
...
a
a
+
...
σ
)
+ · · · , (27)
Eσ = −A
(
(D − 2)(D − 3)
2
....
a
a
+
....
σ
)
+ · · · , (28)
where the ellipses denote lower derivative terms. Here, we have defined the coefficient A as
A := 22D−5(D − 4)(D − 3)2D−7β2K2a5−De4σ(G33 )D−5. (29)
Note that A contains a factor (D − 4), which reflects the absence of higher derivative terms in Eqs. (13) and (14) in
the case of four dimensions. Thus, one can remove
....
a and
....
σ by taking a linear combination of Eσ and E˙N . After
this manipulation, we have
Eσ − 2a
(D − 2)(D − 3)a˙+ 2aσ˙ E˙N = A
(D − 4)(D − 1)2a˙σ˙
(D − 2)(D − 3)a˙+ 2aσ˙
(
(D − 2)(D − 3)
2
...
a
a
+
...
σ
)
+ · · · , (30)
where the third derivative terms can be eliminated by using EN = 0. We are now left with one third-order and two
second-order differential equations,
EN = 0, Ev = 0, Eσ − (D − 4)(D − 1)
2a˙σ˙
(D − 2)(D − 3)a˙+ 2aσ˙ E˙N +
2(D − 4)(D − 1)2aa˙σ˙
[(D − 2)(D − 3)a˙+ 2aσ˙]2 EN = 0. (31)
Recalling that there is a remaining gauge DOF corresponding to the shift of time origin, we need six initial conditions
to fix the dynamics of a, σ, and v. This means that the system has three DOFs and thus we have one unwanted extra
DOF.
6VI. CONCLUSIONS AND DISCUSSIONS
In the present paper, we developed a minisuperspace description of the model (1) and clarified how the nonpertur-
bative higher derivative structure helps to circumvent the problem of Ostrogradsky ghost. The key feature is that
the EOM for the 2-form gauge field can be integrated to give the relation (12), which miraculously cancels all the
higher derivative terms in the other EOMs. As we saw in §IV, this cancellation no longer occurs once the Lagrangian
is truncated at a finite order. It was also shown in §V that, when proceeding to higher dimensions, this cancellation
does not occur, and thus the model (1) is healthy only if it is defined in four dimensions.
The minisuperspace Lagrangian (9) is structurally similar to the toy example studied in Sec. VII A of Ref. [25],
which is of the form
Ltoy =
1
2
φ˙2 +
1
2
1
1 + βφ¨
ψ˙2, (32)
with φ and ψ being functions of t and β being a nonvanishing constant. Indeed, both the two Lagrangians (9) and
(32) have second derivative(s) in the denominator. The toy model (32) elucidates the reason why the system (9) is
free of unwanted extra DOFs. One may first observe that the Lagrangian (32) would yield extra DOFs compared to
a system of two point particles due to the factor (1 + βφ¨)−1 in front of ψ˙2. However, this is not the case as shown
below. From the Lagrangian (32), we obtain the EL equations as
φ¨+
β
2
d2
dt2


(
ψ˙
1 + βφ¨
)2 = 0, d
dt
(
ψ˙
1 + βφ¨
)
= 0. (33)
We have ψ˙/(1+βφ¨) = const from the second equation, which can be substituted into the first equation to yield φ¨ = 0.
Then, resubstituting this into the second equation, we obtain ψ¨ = 0. Hence, we need four initial conditions to specify
the solution for φ and ψ. This means that the system described by the Lagrangian (32) has two DOFs, which is the
same number of DOFs as a system of two point particles (i.e., the case β = 0) has.
The situation changes if one expands the Lagrangian with respect to β and truncates at the linear order,
Ltoylin =
1
2
φ˙2 +
1
2
(1− βφ¨)ψ˙2. (34)
The EL equations are as follows:
φ¨+
β
2
d2
dt2
(
ψ˙2
)
= 0,
d
dt
[
(1− βφ¨)ψ˙
]
= 0. (35)
As in the previous case of Ltoy, one can integrate the second equation to obtain (1 − βφ¨)ψ˙ = const =: c. Then, one
can eliminate ψ˙ from the first equation to yield a fourth-order differential equation for φ,
φ¨+
c2β
2
d2
dt2
[
1
(1 + βφ¨)2
]
= 0. (36)
Thus, this system needs two more initial conditions than the system described by Eq. (32). This is similar to what
we saw in §III: By linearizing the Lagrangian (9) with respect to β, we found that additional initial conditions are
needed to fully solve the system of EOMs.
It is also possible to understand the result of §V through the following Lagrangian:
Ltoyn =
1
2
φ˙2 +
1
2
1
(1 + βφ¨)n
ψ˙2, (37)
with n ≥ 2 being an integer. Note that now the exponent of (1+βφ¨) is different from −1, which is the same situation
we encountered in Eq. (25). The EL equations read
φ¨+
nβ
2
d2
dt2
[
ψ˙2
(1 + βφ¨)n+1
]
= 0,
d
dt
[
ψ˙
(1 + βφ¨)n
]
= 0. (38)
7From the second equation, we obtain ψ˙/(1 + βφ¨)n = const =: c. Using this, one can remove ψ˙ from the first equation
to yield a fourth-order differential equation for φ,
φ¨+
c2nβ
2
d2
dt2
[
(1 + βφ¨)n−1
]
= 0. (39)
Thus, compared to the model (32), two more initial conditions are necessary to fix the dynamics of φ and ψ, meaning
the presence of an extra DOF. This corresponds to the appearance of one extra DOF in the system (25).
So far, we have clarified the ghost-free structure of the model (1) under the minisuperspace description. It would
be interesting to check if the same structure holds in the general ADM formalism without using the minisuperspace
ansatz. Another thing of interest is to explore a ghost-free resummation for a field other than 2-form, e.g., a scalar
or vector field. We leave these issues for a future work.
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